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1. Introduction 



It is known that there exists a quasi-projective coarse moduli space for nonsingular 
n-dimensional varieties X with ample canonical divisor Kx and given Hilbert function 
= x{X,0{lKx)) (e.g. see ||Vie|| ). The starting point in the construction of this 



moduli space is Matsusaka's big theorem [|Matl|| which states that the class of these 



varieties is bounded: there exists an integer u Q > 0, independent of X, such that v§K x is 
very ample and has no higher cohomology. This condition is equivalent to the existence 
of a flat family X — > B over a scheme of finite type whose fibers contain all such varieties. 

In order to compactify the moduli space of smooth n-folds, one has to add points at 
the boundary, corresponding to limits of smooth varieties. The natural way to construct 
these limits is to take a one-parameter semistable family of n-folds, and find the relative 
canonical model of this family in the sense of the minimal model program in dimension 
ri+1 (MMP(n + 1)). All such limits have semi-log-canonical singularities. 

We consider the class of stable (almost) smoothable n-folds X with semi-log-canonical 
singularities and ample canonical divisor Kx- Smoothability here means that X admits a 
deformation to a variety with rational Gorenstein singularities. The moduli functor Ai^ 1 
then assigns to a scheme S the set of isomorphism classes of families of stable smoothable 
n-folds over S with a given Hilbert function H. The main result of this paper is that the 
minimal model program in dimension n + 1 implies boundedness of the functor Ai 8 ^ 1 . 

Theorem 1.1. Assuming MMP(n+l), there exists a family X — > B over a projective 
scheme B in Ai s ^{B) whose geometric fibers include all stable smoothable n-folds with 
Hilbert function H . 

If, in addition to boundedness, Ai^ is locally closed, separated, complete, with tame 
automorphisms, and if the canonical polarization is semi-positive, then Kollar's theorem 
[Koj| states that there exists a projective moduli space M^ 1 coarsely representing the 



functor Ai% a . Semi-positivity of the canonical polarization has been proved by Kollar 
(Theorem 4.12, ||Kol|| ) . Since Kx is ample, X has a finite automorphism group by a 



result of Iitaka (Section 11.7, pq| ). Separatedness of Ai^ follows from the uniqueness 



of log-canonical models (Lemma |2.9|) . In Lemma 2J; we prove that semi- log-canonical 
varieties deform to semi-log-canonical varieties; since the other conditions we require from 
stable smoothable n-folds are either open or closed, the functor .Mfp i s locally closed. 
Completeness then follows because Mff 1 is the image of the projective scheme B. This 
proves the existence of coarse moduli spaces: 

Corollary 1.2. Assuming MMP(n-hl), the moduli functor Aifp is coarsely represented 
by a projective scheme Mff 1 . 
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The minimal model program MMP(n+l) is known only in dimensions n + 1 < 3. 

With this 



Boundedness for semi-log-canonical surfaces has been proved by Alexeev [[Alcl 



proof he finished the construction of projective coarse moduli spaces for semi-log-canonical 
surfaces that was started in |[KSB|| . The proof of Theorem simplifies Alexeev's result 



of boundedness for semi-log-canonical surfaces, and generalizes it to n-folds, subject to 
the minimal model program assumption. 

In | |Ale2| | Alexeev considered the problem of constructing projective coarse moduli 
spaces for stable pairs (X, B) consisting of an n-fold X and a divisor B in X. He showed 
that the log-minimal model program in dimension n + 1 together with the boundedness 
assumption imply the existence of coarse moduli spaces for stable pairs. At the end of the 



paper we indicate how the proof of Theorem |1.1| can be modified to prove boundedness 
of stable smoothable pairs. 

1.1. Sketch of the proof. We imitate the construction of a stable n-fold A as a limit 
of a one-parameter family of (almost) smooth varieties, and try to find all these limits 
at the same time. By Matsusaka's theorem |Ma|2] , the class of normal varieties with 
rational Gorenstein singularities and ample canonical bundle is bounded. We start with 
a compactification of the Hilbert scheme parameterizing these varieties, and the universal 
family over it. To this morphism we apply weak semistable reduction ||K-K|| and then take 
the relative canonical model of the weakly semistable family. The crucial step in showing 
that this canonical model exists is a theorem of Siu and Kawamata on the invariance of 
plurigenera in families of canonical varieties |[Kawj| . If / : X — > B is a weakly semistable 
morphism, then for a general nonsingular curve C C B the restriction Xq = / -1 (C) has 
canonical singularities, so we can find its relative canonical model by the MMPin + 1) 
assumption. Now invariance of plurigenera implies that sections of f*Ox c (Kx c ) can be 
lifted to sections of f*Ox{Kx), and it follows from this that the relative canonical ring 
of / : X — > B is a finitely generated Os-algebra. 

Most results we prove about semi- log-canonical varieties and the moduli functor A4fp 
are direct generalizations of the corresponding results for surfaces given in | KSB , Alc3 
or simplifications of the results for stable pairs [|Ale2 



1.2. Acknowledgement. I wish to thank Janos Kollar for suggesting the problem of 
boundedness, and for several ideas in the proof of it. I am also very grateful to Dan 
Abramovich for advice. 



2. PRELIMINARIES 

We work over an algebraically closed field k of characteristic zero. 

By a variety X we mean a reduced (not necessarily irreducible) separated scheme of 
finite type over the field k. A birational morphism / : X — > Y is a morphism that maps 
every component of X birationally to a component of Y, and has a birational inverse. 
Whenever we talk about a Weil divisor D in X we assume that the generic point of every 
component of D lies in the smooth locus of X. A Q-linear combination of Weil divisors 
D = ^2 diDi in X is Q-Cartier if a multiple ID is Cartier for some integer I > 0. If 
/ : Y — > X is a morphism, we let f*(D) be the Q-Cartier divisor jf*(lD); and if / is 
birational then /" (D) = jf~ x {lD) is the strict transform of D. 

Suppose that X contains an open subvariety U C X with complement of codimension 
at least two such that U is Gorenstein, i.e. the dualizing sheaf uju is invertible. We choose 
a canonical divisor Kjj, where Ojj(Kjj) — uju, and let Kx be its closure in X. The variety 
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X is called Q-Gorenstein if Kx is Q-Cartier. For a morphism / : Y — > X, we let Ky/x 
be such that O x {K Y ) S CV(X y/x ) ® f*O x {K x ). 

Definition 2.1. Let X be a normal Q-Gorenstein variety, and let D be a Q-Cartier 
divisor in X. We say that the pair (X, D) has canonical (resp. log canonical) singularities 
if for any birational morphism / : Y — ► X from a normal Q-Gorenstein variety F we have 

X y = f*(K x + D)- f-\D) + °<iEi 

i 

where all a, > (resp. a, > —1). 

To show that a variety has canonical or log-canonical singularities, it suffices to check 
the numerical condition for a resolution / : Y — > X of the pair (X, .D), i.e. K is nonsingular 
and the inverse image f*(D) is a divisor with components crossing normally. 

A flat projective morphism / : X — > C from a nonsingular variety X to a nonsingular 
curve C is semistable if its fibers are reduced divisors of simple normal crossing. If 
/ : X — > C is any flat projective morphism to a nonsingular curve, we say that X 
admits a semistable resolution if there exists a birational morphism g : X — > X such that 
/ o g : X —>■ C is semistable. 



To prove Theorem ET we need to assume the existence of relative canonical models (cf. 



|KMM| ) in the following two cases: 



Assumption 2.2. (MMP(n+l)). Let / : X — > Y be a morphism of varieties, dim (X) = 
n + 1. Assume that either 

1. / is birational and for some morphism g : K — > C to nonsingular curve C, the 
composition <? o / : X — > C is semistable; or 

2. / is a flat projective morphism from a variety X with canonical singularities to a 
nonsingular curve Y" with fibers of general type. 

Then the relative canonical ring 



Rx/Y = @f*O x (lK x ) 



l>0 

is a finitely generated CV-algebra. The scheme X can = Proj Rx/y (or the morphism 
f can : X can — > Y) is called a relative canonical model. 

Relative canonical models are unique: if X' — > Y is another morphism satisfying con- 
ditions 1. or 2. above, and if X' is birational to X over Y, then X' can is isomorphic to 
X can over Y. 

2.1. Semi-log-canonical singularities. 



Definition 2.3. (cf. jAje3fl Def. 2.8, |Co| Def. 4.10) We say that a Q-Gorenstein variety 



X has semi-log-canonical singularities if 

(i) X satisfies Serre's condition S2; 

(ii) X has normal crossing singularities in codimension 1; 

(iii) for any birational morphism / : Y — > X from a normal Q-Gorenstein variety K we 
have 

Ky = f*(K x ) + J2 a i E i 

where all a, > —1. 
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Remark 2.4. Condition (ii) implies that X is Gorenstein in codimension one, so K x is 
well denned. We call the closure of the singular locus in codimension one the double 
divisor of X. Let v : X v — > X be the normalization and cond(v) the reduced effective 
divisor defined by 

Kx" = p*{Kx) — condiv). 
Then condiv) is the inverse image of the double divisor (with coefficients equal to one), 
and the condition (Hi) is equivalent to the pair (X, cond(v)) having log-canonical singu- 
larities. Again, it suffices to check the numerical condition for a resolution Y of the pair 
(X, cond{v)). 

The only semi-log-canonical varieties we are going to consider are fibers of morphisms 
Y — ► C from a variety with canonical singularities to a nonsingular curve. These varieties 
are Cohen-Macaulay, so the condition (i) is automatically satisfied. If, moreover, the 
family admits a semistable resolution, then (ii) is also satisfied: localizing at a codimension 
two point of Y (codimension one in X = Y ) we get a germ of a surface with canonical 
singularities, admitting a semistable resolution; the fibers of such a surface are curves 
with normal crossing singularities. 

Theorem 2.5. (cf. [|KSB|| Thru. 5.1.) Let tt : X — > C be a flat projective morphism from 
a normal Q- Gorenstein variety to a germ of a nonsingular curve (C, 0). 

(i) Suppose that X admits a semistable resolution. Then X has canonical singularities 
iff the special fiber X has semi-log-canonical singularities and the general fiber X t 
has canonical singularities. 

(ii) The product X x c C has canonical singularities for all finite base changes (C, 0') — > 
(C, 0) iff the special fiber Xq has semi-log-canonical singularities and the general fiber 
X t has canonical singularities. 

Proof, (i) =>. Let g : X — > X be a semistable resolution, and assume that X has 
canonical singularities: 

K x = g*K x + a i E i + Yl b i F i> 

i j 

where are the exceptional divisors mapping to G C, Fj are flat over C, and ctj, bj > 
for all If Xq = g~ l X is the strict transform of X , then by adjunction 

K x > = (K x + X' Q )\ X , = (K X -J2 Ei)\x> = (9*K X + ^(a, - 1)E { + ^ b 3 F 3 )\ x ,. 

i j 

Let v : Y — > X' Q be the normalization map. Then Ky = v*K x / q —cond(v) where cond(v) 
is a reduced effective normal crossing divisor, not containing any components supported 
on Ej,. This proves that the special fiber X is semi- log-canonical because Y — > X is a 
resolution. Since X is canonical, the general fiber X t is also canonical. 

<=. Let g : X — > X be the relative canonical model over X obtained by applying the 
MMP(n+l) assumption to a semistable resolution of X. From the assumption that the 
general fiber of tt is canonical it follows that g is an isomorphism away from the special 
fibers; in particular, there are no exceptional divisors Fj flat over C (with notation as 
above). 

Suppose that some a« > 0, say a > and a is maximal among the a.j. Let Y C E be 
a curve mapping to a point in X, not lying in any other component of Xq. Then 

K X .Y = aiEi-Y = a i E i- Y ~ a ° E > Y ^ 
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and this contradicts the g-ampleness of K x . So, all dj < 0, and since Xo is semi-log- 
canonical, the adjunction formula above shows that there are no exceptional divisors E^. 
Thus, X has canonical singularities. 

(ii) =>. We know that after a finite base change (C, 0') — > (C, 0) the fiber product 
X' = X Xc C admits a semistable resolution. By part (i) the special fiber X' Q , = Xq is 
semi-log-canonical and the general fiber X' t , = X t is canonical. 

-<=. It suffices to prove that X has canonical singularities. For some finite base change 
(C, 0') — > (C, 0), the fiber product X' = X x c C admits a semistable resolution and 
has canonical singularities by (i). Let h : X — ► X be a resolution of (X, X ), and let 
X' = X x x X': 



X' — X 



'.I 



h 



X' X 

First assume that X' is normal. Tracing the diagram in two ways we get 
K x , = g*K x , + a i E i = 9*f*K x + m X' + J2 
K x , = ~f*K x + mi; = f*h*K x + Yl hiFi + m ^o- 

Since X' has canonical singularities, all cij > 0, hence all 6j > and X has canonical 
singularities. 

If X' is not normal, let v : X u — > X' be the normalization, and c<md[y) the conductor: 

Xj£„ = v*K x , — cond{y). 
Computing K xv in two ways as above, we get 

v*f* fei^i = ^ Oi^i + cond(v), 

i 

where > 0. Since cond{y) is effective, we see that h> and X has canonical singular- 
ities. □ 

The proof of the previous theorem can be easily modified to show that semi-log- 
canonical singularities deform to semi-log-canonical singularities. 



Lemma 2.6. (cf. ||KSB|| Cor. 5.5.) Let it : X — > C be a flat projective morphism from 
a Q-Gorenstein variety to a germ of a nonsingular curve (C, 0). If the special fiber Xq 
has semi-log-canonical singularities, then the general fiber X t also has semi-log- canonical 
singularities. 

Proof. First assume that X is normal and admits a semistable resolution. Let g : 
X — > X be the relative canonical model over X of this resolution. As in the proof of part 
(i) of the previous theorem, write 

K x = g*K x + a i E i + h i F i 

where are the exceptional divisors mapping to the special fiber X , and Fj are the 
exceptional divisors flat over C. 

When we restrict to the general fiber X t , it follows from the g-ampleness of K x that 
all bj < (cf. Lemma 2.19, |[Koll|| ). As before, we get from the adjunction formula 
that there are no exceptional divisors E{ mapping to X . Since the special fiber X 
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is semi-log-canonical, the coefficients bj > — 1. It follows that the general fiber X t is 
semi-log-canonical because X t — > X t is a resolution. 

If X is not normal, we let v : X v — > X be the normalization. We may assume 
that the components of X u admit a semistable resolution (with the same base change) 
g : X — > X v — > X. The conductor cond{y) maps flat onto C, and as in the normal case, 
the discrepancies bj of the general fiber are the same as the discrepancies of the special 
fiber. □ 



2.2. The moduli functor M s ^. 



Definition 2.7. (cf. Defs. 5.2, 5.4, [jKoIj ) 



1. (a) A stable n-fold Yo is a connected projective n-dimensional variety (not necessarily 

irreducible) over an algebraically closed field of characteristic zero such that Yo 
has semi-log-canonical singularities and the canonical divisor K Yo is ample. 

(b) The n-fold Yo is smoothable if there exists a flat projective Q-Gorenstein one- 
parameter family 7r : Y — > C of stable n-folds such that the special fiber of 7r 
is Yo and the general fiber is a normal n-fold with at most rational Gorenstein 
singularities. 

(c) Given a polynomial H, we say that Yo has Hilbert function H if x(Yo, 0(lK Yo )) = 
H{1) for all / > . 

2. A stable smoothable n-fold with given Hilbert function H over a scheme S is a flat 
projective morphism tc : Y S such that 

(a) every geometric fiber Y s = tt _1 (s) is a stable smoothable n-fold with Hilbert 
function H; and 

(b) we have a natural isomorphism 

Ys (lK Ys ) = Y (lK Y )\ Ya 
for every I > and every point s E S. 

Definition 2.8. We define the moduli functor M.^ : (Schemes) — > (Sets) by M.ff l (S) = 
{isomorphism classes of stable smoothable n-folds with given Hilbert function H over S}. 



Given a smoothing n : Y — > C of a stable n-fold Y as in Definition E7FL the total space 



Y has canonical singularities by Theorem [2.5| (ii), and K Y is 7r-ample. So, it : Y — ► C is 



a relative canonical model. Conversely, if n : Y — > C is a relative canonical model which 
admits a semistable resolution, the special fiber Yo is a stable n-fold by Theorem ^]5| (i); 
and if the generic fiber of 7r is Gorenstein, then 7r : Y — > C is in fact a smoothing of Yo. 
This shows that the moduli functor Ai^ 1 can be defined purely in terms of special fibers 
of canonical models. 

Note that the conditions 1.(6) and 2.(6) in Definition are both closed for flat families 
Y — > S: the first by deformation theory, and the second by Kollar's result on push-forward 



and base change. Lemma \LQ proves that having semi- log-canonical singularities is an open 
condition. The condition that K Y restricts to an ample divisor on fibers Y s is also open 
(see Remark [3.3| below). It follows that the functor hA^ is locally closed. 



Lemma 2.9. The functor Ai^ is separated; i.e. any family X — > C\ {0} of stable 
smoothable n-folds over a punctured curve can be extended to a family over C in no more 
than one way. 
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Proof. (Theorem 3.28, [ Ale3|| ). Suppose that we have two extensions fx '■ X\ — > C and 
fi '■ X2 — > C. Let X be a common resolution of Xx and X 2 , gx '■ X — > Xx, g-i '■ X — > X 2 . 
Write 

X^ = ^ifxa + ^ + h ^ 
where E{ are the exceptional divisors mapping to £ C, and Fj are flat over C. Taking 
a finite base change C — > C if necessary, we may assume that X admits a semistable 
resolution. 



First assume that X\ is normal. As in the proof of Theorem |2.5| , we get that a, > and 
6j > —1. Since i^^i is /i-ample, Xi is the log-canonical model of the divisor X^ + 
and is given as 

Xx = Proj 0(/i 0^0^/(^ + 53^)). 
«>o 

The same is true for X 2 , and since X^ and X 2 are isomorphic away from the special fibers, 
the divisors Fj are the same in both cases. Hence Xx and X 2 are isomorphic. 

If Xx is not normal, we can recover its normalization X\ as the log-canonical model 
of the divisor K x + ^i 7 }, where now Yl-^j a l so includes the components of the inverse 
image of cond(u) flat over C. This proves that X\ and X2 are isomorphic in codimension 
one. Both Xx and X2 satisfy Serre's condition S2, so they are in fact isomorphic. □ 



2.3. Weak semistable reduction. Recall from ||KKMS|| that Ux C X is a toroidal 



embedding if at every closed point x £ X it is formally isomorphic to a torus embedding 
T x . C such T x C y x is called a local model at x. A surjective morphism / : (Ux C 
X) — > (?7b C -B) is toroidal if it is equivariant in local models at every point. We only 
consider toroidal morphisms without horizontal divisors; i.e. no component of X \ Ux 
dominates a component of B. 

Definition 2.10. A toroidal morphism / : (Ux C X) — > (Ub C B) without horizontal 
divisors is weekly semistable if 

1. / is equidimensional; 

2. / has reduced fibers; and 

3. B is nonsingular. 

The morphism / is semistable if also X is nonsingular. 



The following weak semistable reduction theorem was proved in ||N-K 



Theorem 2.11. Let X — > B be a surjective morphism of projective varieties with geomet- 
rically integral generic fiber. There exist a generically finite proper surjective morphism 
B' — > B and a proper birational morphism X' — > X x b B' such that the induced morphism 
f : X' — > B' is weakly semistable. □ 

Using the toroidal structure of a weakly semistable morphism it is not difficult to prove 
the following properties: 

Lemma 2.12. Let f : X — > B be weakly semistable. Then 

1. X has rational Gorenstein (hence canonical) singularities. 

2. If g : C — > B is a morphism from a nonsingular curve such that g(C) <f. B \ Ub then 
C and Xc = X x B C can be given toroidal structures such that Xc — > C is again 
toroidal and weakly semistable; in particular, Xc has canonical singularities. 
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Proof. Part 1. is proved in [^-K|] , Lemma 6.1. Part 2. is proved in [ K-K l, Lemma 6.2 
for the case when g : C — > B is a dominant morphism; the proof for a curve C is the same 
word-by-word. □ 



Lemma 2.13. Let f : X C be a weakly semistable morphism from a variety X with 
dim X = n + 1 to a curve C . Assume that the fibers of f are of general type, and let 
f can : X can — > C be the relative canonical model. Then the special fiber X carit0 = /^(O) is 
a stable n-fold. 



Proof. By Lemma [2.12j , if g : (C, 0') — ► (C, 0) is a finite base change, then X' = 
X Xc C is again canonical. Since Kx> = g*Kx + ttlXq,, we see that finding the canonical 
model commutes with taking a finite base change: 

X can x c C = (X x c C') can 

and we can apply Theorem ^75] (ii) to conclude that X can $ has semi-log-canonical singu- 
larities. □ 



It can be shown directly that the fibers of a weakly semistable morphism have semi-log- 
canonical singularities. We may assume that the base is a curve. Then in a local model 
the special fiber is the complement of the big torus in a toric variety. Alexeev has shown 
Alc2j| that this complement is semi-log-canonical. 

Lemma 2.14. Let f : X — > C be as in the previous lemma, and assume that the genus 
g(C) > 3. Then the sheaf f^Ox {IK x) is generated by global sections for all I > 2. 

Proof. (Kollar JKoJ) By Theorem 4.12 in fKol , the vector bundle E x = f*O x {lK x/c ) 
is semipositive for all I > 0; that means, any quotient line bundle of E\ has non-negative 
degree on C . If L is a line bundle with deg(L) > 2g{C) — 2 then Oc(Kc) cannot be a 
quotient of E x <g> L. Hence H l (C,Ei ® L) = 0. Now if deg(L) > 2g(C) then E x ® L is 
generated by global sections. In particular, f*Ox(lKx) — El <E> Oc{IKq) is generated by 
global sections for all I > 2. □ 



2.4. Deformations of canonical singularities and invariance of plurigenera. The 

following two theorems were proved by Kawamata [Kawfl , generalizing results of Siu fBu 



Theorem 2.15. Let n : X — ► S be a flat morphism from a germ of a variety (X,xq) 
to a germ of a smooth curve (S,sq) whose special fiber Xq = 7r _1 (so) has only canonical 
singularities. Then X has only canonical singularities. In particular, the fibers X s = 
7r _1 (s) have only canonical singularities. □ 



Theorem 2.16. Let n : X —> S be a projective flat morphism from a normal variety 
to a germ of a smooth curve (S, sq). Assume that the fibers X s = 7r _1 (s) have only 
canonical singularities and are of general type for all s G S. Then the plurigenus P m (X s ) = 
dim H°(X s ,mKx s ) is constant as a function on s G S for any m > 0. □ 

The two theorems for families of n- folds follow easily from the MMP(n + 1) asssump- 
tion. However, we are going to apply them for families of (n + l)-dimensional varieties, 
and we do not want to assume minimal model program in dimension n + 2. 
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3. Proof of boundedness 



By Matsusaka's theorem (Theorem 2.4, ||Mat2| ) there exists an integer z/ > such 
that if X is a normal variety with rational Gorenstein singularities, with ample canonical 
divisor Kx, and with given Hilbert function H(l) = x{X, IKx), then v^Kx is very ample 
and has no higher cohomology. Thus, the Hilbert scheme parameterizing embeddings 
X G P^^oj-i w itn Hilbert function H(u t) has a locally closed subscheme parameterizing 
z/ -canonical embeddings of varieties X with rational Gorenstein singularities. We give 
this subscheme the induced reduced structure and call its closure B . Let f : X — > B 
be the (closure of the) universal family over Bq. We apply weak semistable reduction 
(Theorem |2.11|) to the morphism /o to get a weakly semistable morphism 

f:X^B. 



By Lemma |2.12| we know that for a general nonsingular curve C C B the inverse image 
Xc = f~ l {C) has canonical singularities. We can then apply the MMP(n+l) assumption 
and find a canonical model Xc, C an for Xc- Since the general fiber of Xc^an C has 
rational Gorenstein singularities, we see that the special fiber is a stable smoothable 
n-fold with Hilbert function H. 

The idea of the proof is to construct a relative canonical model for the whole family 
/ : X — > B and to show that the restriction of this canonical model to a curve C is the 
canonical model X c>C an- 

Lemma 3.1. The relative canonical ring 

Rx/B = @f*O x (lK x ) 

l>0 

is a finitely generated Os-algebra. 

To prove the lemma we sweep B locally with nonsingular curves. By Bertini's theorem 
a general hyperplane section through b G B is nonsingular, and the same is true for nearby 
hyperplane sections. Applying this dim B — 1 times we get the following diagram: 



x 1 = j b iXb x 



B l 



X 



B 



where 



1. (g : Bi — » S, <ft) is a family of nonsingular curves in B parameterized by S, no curve 
lying in B\ U B ] 

2. there exist b\ G B\, 4>{b\) = b, and open neighborhoods b\ G U\, b G U such that 
<p : U\ — > U is an isomorphism; 

3. we may assume that the hyperplane sections have high degree, so the fibers of g will 
have high genus (> 3). 

Since Lemma |3.1| is local in B we may replace B by B\ and X by X\. 
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Lemma 3.2. Consider the Cartesian diagram 

Y ► X 



f 



C 



B 



S 



where s G S is a closed point, C = g l {s), and Y — f 1 (C). Then the natural morphism 

hO x {lK x ) ® 0b O c - f,0 Y (lK Y ) 
is an isomorphism for every s G S and every I > 2. 



Proof. By "cohomology and base change" |Har| it suffices to prove the surjectivity 



of this morphism. Lemma [2.14| shows that the sheaf f*Oy(lK Y ) is generated by global 
sections H°(Y, Oy{lKy)) for every I > 2. The family g o / : X — > S has fibers of general 
type (by sub-additivity of Kodaira dimension ||Viel|| , since the fibers of both / and g 
are of general type) and with canonical singularities (by Lemma [2.12| ). Theorem |2.16 



now implies that a global section in H (Y, Oy(lKy)) can be lifted to a local section of 
(g o f)*Ox{lKx), which gives a section of f*Ox{lKx)- D 

Remark 3.3. For the next proof we note that ampleness is an open condition: given a 
flat projective morphism / : X — > B and a Q-Cartier divisor D on X such that D\x b is 
ample for some b G B, then D is /-ample over a neighborhood of b in B. This follows 
from Kleiman's numerical criterion for ampleness [Kle]. If Zi(X/B) is the free group 
generated by reduced irreducible curves in X mapping to a point in B, and N^X/B) 
is Zi(X/B) ® R modulo numerical equivalence (see [[KMMfl for notations), then we have 
natural linear maps Zi(X b ) — > N\(X/B) and Zx(X v ) — > N^X/B) where r\ is the generic 
point of B. Now the second map factors through the first: for a curve over the generic 
point of B we take its closure and restrict to the special fiber. Also, the maps restricted 
to effective cones factor. If D is ample on Xf, then D is positive on the effective cone 
NE(Xb) \ {0}, hence it is positive on NE(X V ) \ {0}, and so D is ample on X n . 



Proof of Lemma |3.1J . The statement is local in B , so we may replace B by a smaller 



open neighborhood of b G B if necessary. We use the same notation as in Lemma [372. 

By the minimal model program assumption MMP(n+l) applied to / : Y — > C, the 
sheaf Ry/c is a finitely generated O^-algebra, and by Lemma |3T2"| , Rx/b <8> Oc — Ry/c, 
at least in high degrees. Since the graded pieces (Rx/b)i = f*@x(lKx) are finite Ob- 
modules we can apply Nakayama's lemma and conclude that Rx/b ® Os,b is a finitely 
generated Os,b- algebra. Consider 

Proj (Rx/b ® B ,b) -> Spec O b , 6 . 

Since this morphism is projective, defined by finitely many equations, we get a projective 
scheme X over an open neighborhood U C B of b, and after replacing by U: 

f:X^B. 

By construction, Y = f~ l (C) is a relative canonical model of / : Y — > C; in particular, 



it has canonical singularities. By Theorem |2.15| canonical singularities deform to canonical 
singularities, hence X has canonical singularities. 



BOUNDEDNESS 
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The canonical divisor K x is /-ample when restricted to Y . Using the numerical criterion 
for ampleness, K x is /-ample over a neighborhood of b. Again, we may replace B by a 
smaller open set and assume that K x is /-ample. 

Now / : X — > B is a relative canonical model, birational to / : X — > B over B, hence 
the relative canonical rings are the same 

Rx/b = Rx/b- 

Since the latter is finitely generated as an C^-algebra, so is the former. □ 



Proof of Theorem |1 . 1| We show that / : X = Proj Rx/b — ► B is the required family. 

It is clear from the construction that every closed fiber / _1 (&) is a stable smoothable 
n-fold with Hilbert function H . Indeed, we have constructed through every closed point 
b G B a nonsingular curve C such that f~ l (C) is the relative canonical model of a weakly 
semistable family over C with Gorenstein generic fiber, so the special fiber is stable and 
smoothable by Lemma |2.13| . 

To prove the converse, namely that the fibers of / contain all stable smoothable n-folds 
with Hilbert function H, we go back to the construction of / : X — > B from the universal 
family over the Hilbert scheme. We have the commutative diagram 

X < X ► X t = X x B B ► X 



f 



fo 



B B — B ► B 

where the morphisms B — > Bq and X — > X\ come from weak semistable reduction and 
the map X — > X is only rational. 

Let Vb C Bq be the open set parameterizing z/ -canonical embeddings of normal vari- 
eties with rational Gorenstein singularities; and let Vb C B,Vx 1 C X 1; and V x C X be 
the inverse images of Vb . Now fi : Vx 1 — *■ Vb is a family of normal varieties with rational 
Gorenstein singularities and ample canonical bundle over a nonsingular base. It follows 
that Vx-l is normal with canonical singularities and f\ : Vx 1 — > Vb is a relative canonical 
model, birational to / : V x — > Vb over Vb- By uniqueness of the relative canonical model, 
the two are isomorphic V x = Vx t over Vb- 

Let 7r : Y — > C be a smoothing of a stable n-fold Yq, and let Y v = 7r _1 (77) be the fiber over 
the generic point rj of C. Since Y v is a projective rational Gorenstein scheme with ample 
canonical bundle and Hilbert function H, we can find a morphism rj — > Vb such that the 
universal family Vx pulls back to Y v . There exists a finite morphism (C, rj') — > (C, 77) 
such that we can lift r) — > Vg to 77' — > Vb- By completeness of 5 we get a morphism 
C -> S. Let y = C" Xb X, and let y = C" x c Y. The two families y -> C" and 
y — > C" are isomorphic over the generic point, so their special fibers must be isomorphic 
by separatedness of the functor (Lemma [2.9|) . □ 



3.1. Boundedness for stable smoothable pairs. With the notations of | Ale2|| , we 

consider stable pairs (Y , D ) where Y is a connected projective variety and D is a 
reduced effective Weil divisor in Y such that the pair (Y , D ) has semi-log-canonical 
singularities and Ky Q +D is an ample Q-Cartier divisor. We say that (Y Q , D Q ) is smooth- 
able if it admits a deformation to a stable pair (Y t , D t ) where Y t has rational singularities 
and Ky t + D t is Cartier. Further, we fix the Euler characteristics x(Xo, l(Ky + -Do)) and 
x(D ,l(K Yo +A))k) for all/. 
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By Matsusaka's theorem, for some vq > the divisor uo(Ky t + D t ) is very ample 
and without higher cohomology for all pairs (Y t , D t ) as above. There exists a Hilbert 
scheme parameterizing embeddings Y t C P N with the given Hilbert function. Since D t C 
Y t C F N also has a fixed Hilbert function, there is a Hilbert scheme parameterizing such 
embeddings. In the product of the two Hilbert schemes we can find a locally closed 
subscheme parameterizing the required embeddings (Y t , B t ) C P^ via u Q {K Yt + D t ); there 
is also a universal family (y, T>) over this subscheme. 

As before, we complete the universal family and apply weak semistable reduction to 
it. We can make sure that the proper transform D of the universal divisor T> in the 
weakly semistable family / : X — > B is the union of horizontal toroidal divisors. The 
proof that @ z Ox{l(Kx + D)) is a finitely generated (9B-algebra goes as before, replacing 
the MMP(n + 1) with logMMP(n + 1) assumption, if Kollar's semipositivity result 
and Siu-Kawamata theorems on invariance of plurigenera and deformations of canonical 
singularities also hold for pairs. I do not know if these are true. Kollar's semipositivity 
theorem can be avoided in the proof of boundedness by considering ramified cyclic covers 
of the base variety S; but to construct the moduli space we would still need it. As 
remarked above, the theorems on invariance of plurigenera and deformations of canonical 
singularities can be replaced by the MMP(n + 2) assumption; this is, however, a very 
strong assumption, considering for example the case of surfaces n = 2. 
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